We consider a mixture of two species of spin-1 atoms with both interspecies and intraspecies spin exchanges in a weak magnetic field. Under the usual single mode approximation, it can be reduced to a model of coupled giant spins. We find most of its ground states. This is a complicated problem of energy minimization, with three quantum variables under constraints, i.e. the total spin of each species and the total spin of the whole mixture, as well as four parameters, including intraspecies and interspecies spin coupling strengths and the magnetic field. The quantum phase diagram is very rich. Compared with the case without a magnetic field, the ground states are modified by a magnetic field, which also modifies the ground state boundaries or introduces new crossover regimes on the phase diagram. Without interspecies spin coupling, the quantum phase transitions existing in absence of a magnetic field disappear when a magnetic field is applied, which leads to crossover regimes in the phase diagram. Under ferromagnetic interspecies spin coupling, the ground states remain disentangled no matter whether there is a magnetic field. For antiferromagnetic interspecies spin coupling, a magnetic field entangles the ground states in some parameter regimes. When the intraspecies spin couplings are both ferromagnetic, the quantum phase transition between antiferromagnetic and zero interspecies spin couplings survives the magnetic field. When the intraspecies spin couplings are both antiferromagnetic, a magnetic field induces new quantum phase transitions between antiferromagnetic and zero interspecies spin couplings.
is not a direct product of those of the subsystems. Otherwise, they are called disentangled.
This line of researches has been extended to a mixture of two species of spin-1 atomic gases [31, 32] , in which the interspecies spin coupling is simply of Heisenberg form [33] . In the usual approach of single orbit-mode approximation, most of the exact ground states in absence of a magnetic field have been found [31, 32] . However, in presence of a magnetic field, only two special parameter regimes have been considered [31] . Given that the magnetic field effect is an important issue, in the present paper, we systematically study the ground states in presence of a weak magnetic field, and find out how a magnetic field affects the ground states and phase diagrams of a spinor mixture with interspecies spin exchanges.
The rest of the paper is organized as the following. To make the paper self-contained, we set the stage in Sec. II. Then we discuss in Sec. III the ground states of a mixture of two spin-1 Bose gases in a magnetic field, but without interspecies spin coupling. In Sec. IV, we find the ground states of a mixture with ferromagnetic interspecies spin coupling in a magnetic field, based on the calculations detailed in the Appendix A. For antiferromagnetic interspecies spin coupling c ab > 0, we divide the range of c ab to three intervals. In Sec. V, based on the calculations detailed in the Appendices B, C, D and E, we find the ground states of a mixture with 0 < c ab ≤ 2γB, where γ is the gyromagnetic ratio, B is the magnitude of the field. In Sec. VI, we make some brief discussions on the regime c ab > 2γB. In Sec. VII, quantum phase transitions are described. The issue of characterizing interspecies entanglement is discussed in Sec. VIII. A summary is made in Sec. IX.
II. THE SYSTEM
Consider a mixture of two species a and b of spin-1 atoms, whose numbers N a and N b are conserved respectively. The single-atom Hamiltonian of species α (α = a, b) is
where B is a uniform magnetic field, m α , γ α > 0, U α and F α are the mass, the gyromagnetic ratio, the external potential and the single-spin operator, respectively, for an atom of species α. With ψ αµ representing the field operator corresponding to spin µ component of species α (µ = −1, 0, 1), the many-body Hamiltonian is
where
is the usual Hamiltonian of spin-1 atoms [1] ,
is the interspecies interaction [31] , wherec α 0 andc α 2 are expansion coefficients in terms of powers of dot product of the single-spin matrices of two atoms of species α and are linear combinations of singlet and triplet scattering lengths, c α 2 is proportional to the differences between triplet and single scattering lengths of intraspecies scattering [1, 10] ,c ab 0 andc ab 2 are similar quantities for scattering between an a-atom and a b-atom,c ab 2 is proportional to the differences between triplet and single scattering lengths of interspecies scattering, and it has been shown that the coefficient of (F a · F b ) 2 is zero [33] . For each species and each spin state, we follow the usual single mode approximation for the single-particle orbital wave function, and the usual assumption that this single particle orbital wave function is independent of spin. Therefore we have ψ αµ (r) = α µ φ α (r), where α µ = a µ , b µ is the annihilation operator and φ α is the lowest single-particle orbital wave function for species α and spin-independent. Then the Hamiltonian can be simplified as
where a constant is neglected,
is the total spin operator for species α, c α =c
3 r|φ a φ b | 2 is the interspecies spin coupling strength, and we have set γ a = γ b = γ, as indeed so for atoms with a same nuclear spin. Here we have neglected the quadratic Zeeman effect. This is reasonable under certain circumstances, as can be estimated by using parameter values for Na [11] . The quadratic Zeeman energy isqB 2 0 , whereq = 278Hz/G 2 , B 0 can be 10mG to 500mG, hence the quadratic Zeeman energy is about 2.78 × 10 −2 to 70Hz. The linear Zeeman energy is about 1 to 100HZ. Therefore it is easy to reach the regime where the quadratic Zeeman effect is negligible.
S a , S b together with the total spin S and its z-component S z are all good quantum numbers, as S 2 a , S 2 b and S 2 all commute with the Hamiltonian (5). However it should be noted that S a and S b are not fixed numbers, as in the case of pseudospin-1 2 atoms, for which one can find S a = N a /2 and S b = N b /2. In the present case, S a , S b and S should all be determined by minimizing the energy.
In the presence of a magnetic field, for a given S, S z = S minimizes the energy. With S a , S b , S and S z all being good quantum numbers, the ground state is
where S m a , S m b and S m are, respectively, the values of S a , S b and S that minimize the energy
under the constraints
Note that the existence of three quantities S a , S b and S with the constraint (9) as well as the limited ranges of S a and S b , and the dependence on the three parameters c a , c b and c ab = 0 makes this minimization problem highly nontrivial. We have managed to solve this problem in most of the parameter regimes, as reported in in Appendices. Before discussing these cases of c ab = 0, we shall first take a look at the case of c ab = 0. As we shall discuss different ground states in different regimes of the parameter space, some explanation of the nomenclature is in order here. The ground states in two neighboring parameter regimes are said to be continuously connected if each of them approaches the ground state on the boundary, when the parameters approach the boundary. It is then said that they belong to a same quantum phase. In contrast, if the two ground states in the two neighboring regimes approach different limits when the parameters approach the boundary, it is said that there is a discontinuity or quantum phase transition. There are several cases of discontinuity, for example, the two limits may be both different from the that on boundary, and they may also be two of the degenerate ground states on the boundary, besides, there is also the case that the ground state in one of the regimes approaches a ground state on the boundary, while the ground state in the other regime approaches a different limit.
The most interesting ground states in our system are those of EBEC, i.e. BEC with interspecies entanglement. Note that throughout this paper, a state which may be entangled is written in the the general form, i.e. |S Without spin-exchange interaction between the two species, i.e. c ab = 0, the two species can be considered independently. The ground states are all disentangled. We have E = E a + E b , with
for α = a, b. Throughout the paper, we use const to represent a constant whose actual value is not concerned and may not be the same each time it appears. If c α < 0, we always have S and c
).
the two boundaries, the ground state in In each regime, the ground state is a direct product of the ground states of the two species given above accordingly. Each ground state is continuously connected with those in the neighboring regimes. Therefore, on c a − c b plane, ground states in all regimes belong to a same quantum phase. As B → 0, however, the five crossover regimes tend to vanish, and the four ground states in the remaining four corner regimes become discontinuous, as already known [32] . Therefore, the quantum phase transitions among the ground states in the four quadrants of c a − c b plane for c ab = 0 in absence of a magnetic field can be circumvented by turning on and then off a magnetic field. Hence a magnetic field has an interesting effect even in the regime without interspecies spin exchange.
One For c ab = 0, we have worked out the complicated problem of minimizing E with four variables S a , S b , S and B in most parameter regimes. But in some regimes, the calculations are too difficult or complicated for us to obtain the results. The calculation details are given in Appendix A. The ground states we obtained are listed in Table I . In the crossover regimes, the ground states are also modified. For c a ≤ 0 while
) (boundaries were discussed in Ref. [30] ) entangled, 2γB − 2N b c ab , the ground state is |n
We see continuous connections in both c ab and B dimensions. As B → 0, all the ground states in these three quadrants of c a − c b plane for c ab < 0 reduce to the corresponding ones in absence of a magnetic field. On the other hand, as c ab → 0, the ground states in the these three quadrants reduce to those for c ab = 0, given in last section. Note that in all subregimes of c ab ≤ 0, the ground states are always disentangled, as 
]. The four boundaries are ca =
and c b = 2γB − 2Nac ab . The states in the first quadrant have not yet been determined.
Now we turn to antiferromagnetic interspecies spin coupling. For 0 < c ab ≤ 2γB, it has been known previously that if c a < c ab and c b < c ab , the ground state is |N a , N b , n, n , where n ≡ Int(
. This state is entangled unless n = N a + N b . The ground states on the boundaries c a = c ab and c b = c ab have also been discussed in details. Especially, it has been known that if c a = c b = c ab , then there are many degenerate ground states in the form of |S a , S b , n, n , as far as S a , S b and n satisfy the constraint
We have also determined the ground states in the regime 0 < c ab ≤ 2γB and c a c b > (c ab ) 2 . This regime is divided into seven subregimes, but the ground states are all continuously connected on the boundaries between these subregimes, as depicted in c a −c b phase diagram for a given value of c ab with 0 < c ab < 2γB (FIG. 3) , drawn according to Table I . state is |n a3 , n a3 a |n b1 , n b1 b , where n a3 ≡ Int[
. These states are all disentangled. The ground state is |n a3 , n b2 , n b2 − n a3 , n b2 − n a3 , where n b2 ≡ Int[ c ab −c a c a , the ground state is |na2, n b3 , na2 − n b3 , na2 − n b3 , which is entangled except on the boundary with |na, na a|0, 0 b . For the regimes c a > c ab > c b and c b > c ab > c a , the results are subject to the condition N > N * . n, na, n b , na2, n b2 na3, n b3 and N * are defined in the main text and Table I .
. These states are all disentangled. Finally, the ground state is |n a2 , n b , n a2 − n b , n a2 − n b , where n a2 ≡ Int[ Also, the ground states |n a1 , n a1 a |n b3 , n b3 b and |n a3 , n a3 a |n b1 , n b1 b are continuously connected on the boundary c ab < c a = c b ≤ 2γB, with n a3 = n b1 = n a1 = n b3 = 
VI. c ab ≥ 2γB
For c ab ≥ 2γB [30] , it has been known that the ground state is |0, Especially, in the cases we have studied, under the condition N a = N b = N , in the regime c a < c ab and c b < c ab and in the regime c a > 2γB and c b > 2γB, c ab = 2γB > 0 is not a boundary, i.e. the ground states are respectively the same in these two regimes for c ab ≥ 2γB and for 0 < c ab ≤ 2γB. and c b ≥ 2γB, the ground state discontinues from |n a , n a a |N b , N b for c ab = 0+ to |N a , N a |N b , N b for c ab = 0. This is a first order quantum phase transition except in the special case of n a = N a , in which the transition becomes continuous.
In the regime 0 ≤ c a ≤ 2γB 2Na+1 and 2γB 2N b +1 ≤ c b ≤ 2γB, the ground state discontinues from |n a , n a a |n b , n b for c ab = 0+ to |N a , N a |n b , n b for c ab = 0. This is a first order quantum phase transition except in the special case of n a = N a .
In the regime 0 ≤ c a ≤ 2γB 2Na+1 and 0 ≤ c b ≤ 2γB 2N b +1 , the ground state discontinues from |n a , n a a |n b , n b for c ab = 0+
to |N a , N a a |N b , N b for c ab = 0. This is a first order quantum phase transition except in the special case of n a = N a while n b = N b .
In the regime In
. This is a first order quantum phase transition except in the special case of n b = N b . Therefore, we find five places of quantum phase transitions from B = 0 to B > 0. In other words, the entire subspace of B = 0 is critical.
VIII. INTERSPECIES ENTANGLEMENT
Our results indicate that a necessary condition for the ground state to be entangled between the two species is c ab > 0. We have found that the ground state is an entangled state entangled |N a , N b , n, n for 0 < c ab < 2γB, c a < c ab and c b < c ab . In case N a = N B = N , we have also found that the ground state is a maximal entangled state |N, N, 0, 0 for c ab > 2γB, c a < c ab and c b < c ab . With interspecies entanglement, the occupation number of each spin state of each species is subject to fluctuation [28] . However, even in absence of interspecies entanglement, such fluctuations can still exist, and there can be occupation number entanglement among different single particle states defined by the spin and the species. Such is the singlet ground state of single species of spinor atoms, for example. Therefore particle number fluctuations are not satisfactory characterizations of interspecies entanglement caused by interspecies spin exchanges.
A better characterization is an interspecies correlation function, e.g. N aσ N bσ ′ − N aσ N bσ ′ , which vanishes for disentangled state and is nonvanishing if there is interspecies entanglement [28] .
One can also simply use the spin of freedom of the two species to discuss the entanglement between the two species, treating the two species like two giant spins. Then, of course, the entanglement entropy can be calculated. For state |S 
where it is assumed that S In terms of bosonic degrees of freedom, the general expression and its composite structure of |S a , S b , S, S have been discussed previously [31, 32] . It will be very appealing to study the different physical consequences and the experimental probes of the crossovers and the discontinuities or quantum phase transitions of the ground states, and the effects of interspecies entanglement. Note added: after this paper had been initially submitted to Phys. Rev. A on September 15 2010, there appeared a paper treating the subject in a mean field approach [34] . and S m , in which E is minimal, in the case of c ab < 0 and B > 0. In the discussions, E always represent the energy as low as can be determined in the regime under discussion, i.e. the meaning of E keeps updating.
With c ab < 0, E is minimal when S = S a + S b . Hence the ground state with S z = S is always disentangled. Now
We consider three subcases in the following.
In this subcase,
We represent all the values of S a and S b as points (S a , S b ) within the rectangular defined by 0 ≤ S a ≤ N a and 0 ≤ S b ≤ N b on S a -S b plane (FIG. 6) . , and is represented as the solid line in case c a ≤ 0 and 
where Int(x) represents the integer closest to x and in the legitimate range of S b , i.e. now 0
All points (S a , S b ) in the rectangular satisfy
One simply exchanges the subscripts or superscripts a and b in the preceding subcase. Thus there are also three possibilities. 
∂E ∂S
according to which one needs to consider two subcases.
c b ≥ 2γB
In this parameter regime, Therefore, the minimum of E in the whole rectangular must locate on the dashed line in sector IV, on which E is given by (B7). Then there are two possibilities. 
